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1. Introduction and summary

One of the most interesting problems in theoretical physics surrounds black holes. The
nature of the entropy of the black holes, and its origin is still debated. Amazingly, it only
depends on the area of the horizon of the black hole
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SB.H. (1.1)
i.e. only on the geometric nature of the theory. Another entropy, the geometric or entan-
glement entropy exists and exhibits similar geometric behavior. Let us imagine a quantum
field theory at some constant Euclidean time tg = tg o living on a manifold M and divide
the manifold in two sub manifolds A, B. The entanglement entropy measures how much
the quantum states of the two regions are entangled. Interestingly, a generic behavior for
the entanglement entropy is

SEE ’y% + subleading terms, (1.2)
where 0A is the area of the boundary of A, « is a UV cutoff and d — 1 is the dimension
of M. The constant v is generally non universal. This is very similar to the black hole
entropy and some identification of the UV cutoff with a Planck scale might reproduce ([L.]).
Of course entanglement entropy has much broader interest. It can be used in condensed
matter and statistical physics as well. Most of the calculations that have been done are
for free theories or for theories with small interactions. Of particular interest are CFT’s
because one expects conformality to fix some aspects of the result.



One would like to calculate the entanglement entropy of a given CFT, in the strong
coupling limit. Such a prescription exists [, P] for theories with gravitational duals. It
amounts to adding a term in the gravitational action of a d—1 dimensional surface term and
finding the surface with the minimal area. The entanglement entropy then is given by the
Nambu-Goto like action of this d — 1 dimensional surface. Since this is computed in AdS
space we recover the correct scaling. However, interestingly enough, in four dimensions
there is a discrepancy between the anomalies one generically expects from QFT and the
ones that are holographically realized [[], see [] for some counterarguments.

Quite generally, on the QFT side the entanglement entropy is given by evaluating the
of the theory on a metric with a conical singularity, with a deficit angle § = 27e [, .
Then, the entropy is given by

SEE — (% — 1>€:0W(Ea) , (1.3)

where W (E?) is the effective action of the theory on the manifold with the conical singu-
larity. It should be noted that this formula is inspired by the analogous thermodynamics
formula for computing the entropy given a partition function.

Stherm. = — (ﬁ% — 1> log Z . (1.4)
In the following we explore the extrapolation of this definition of entanglement entropy to
the holographic duals of some CFTs. In section (), we a brief introduction to entanglement
entropy and the methods used to compute it. In section (f) we extend the prescription
for calculating the entanglement entropy to the holographic dual of the boundary CFT. In
section ({) an explicit calculation is carried for the C'FTy/AdS3 system. In section (f]) a
brief summary of the results and some future directions are given. Appendix ([]) contains
a derivation for the BTZ case, illustrative of the general procedure used.

2. Calculation of entanglement entropy in QFT

In this section the earlier work of [f|—f] is briefly summarised. Consider a QFT in a space
that is artificially divided in two manifolds A, B. Also, consider that the system is in a
pure state |¥). An observer that only has access to A will not be able to measure the
whole wavefunction but only the piece confined in his part of space. So let us define a new
density matrix

pA=trpp (2.1)

where p is the density matrix
p=[U) (V| (2.2)

and it is understood that the trace is taken over all the states of the Hilbert space of B.
The entanglement entropy is just the von Neumann entropy of the reduced density matrix

SE'E' =—trpalogps . (2.3)



For a product state we have S ﬁE - = 0, while we expect the maximum value for a maximally
entangled state. The entanglement entropy has some interesting properties, such as S EE =
S g ‘E This explicitly shows that the entanglement entropy is non extensive. Note that this
equality is violated if the system is at finite temperature. Another interesting property is
strong subadditivity

SEP 4+ SGF = ST + Skl - (2.4)

The last property has been linked to an entropic analog of the Zamolodchikov’s ¢ theorem
in two dimensions [[LJ, LT}

Now, let us move on to properly calculating the entanglement entropy. For simplicity
we consider a bosonic theory with a complete set of commuting observables {(Zﬁ(x)}, whose
eigenvalues are given by {¢(x)}. The evolution of the theory is governed by a Hamiltonian
H and the density matrix at some inverse temperature 3 is given by

({o(z")"Ye "M {o(2)'})
Z(3) !

where Z(/3) is the partition function. This also has an expression as a path integral

p={o")"} {o(=")}) =

(2.5)

p= [ laota i []506.0) - o) [L 6000w 5) — e )5 (26)

where we have introduced the Euclidean action Sg. The normalization is such that tr p = 1.
Now consider a single interval A = (u,v). A similar expression can be written for the
reduced density matrix p 4, but with sewing together only the points which do not belong
to A. Of course, this leaves open cuts in (v, u) for the Euclidean time ¢y = 0. The desired
trace trp"y is computed by making n copies and sewing them together along the cuts. If
we denote by k the k-th copy then the sewing conditions are

$(x) = Py (@), dn(z) =df(z), ze€A. (2.7)

This way, we define a path integral on an n-sheeted manifold R,,, Z,(.A). It is understood
that the primed fields are evaluated at a time tp = 0™, while the double primed ones are
evaluated at an infinitesimal positive time tg = 07. It is more convenient to introduce a
new coordinate w

w=z+1itg, (2.8)

and then the sewing conditions become

o (ezm(w — u)) = ¢p+1(w —u), &k (e%i(w — U)) = dp_1(w —v) . (2.9)

The trace of the density matrix becomes

Zn(A)

2.1
o (2.10)

trpfy =

In [f], whose discussion we have closely followed, some arguments are given that the above
quantity is analytic for Re(n) > 1 and that its derivative with respect to n does exist
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Figure 1: A conformal transformation that takes us from R,, to C for n = 3. For the calculation
A 1/n
w—v

of the entanglement entropy of an interval (v, u) the required transformation is given by (

It is understood that when circling around one endpoint, one ascends to the next sheet or descends
to the previous one. More specifically (@) suggests that when circling around = = u one ascends
to the next sheet, while when circling around = = v one descents to the previous one.

and is analytic in the same region. Moreover the derivative at n = 1 precisely gives the
entanglement entropy

0 Zu(A)
EE _ 1. 0 Zn
ST =M ez

In order to practically compute the entanglement entropy, Calabrese and Cardy in

(2.11)

propose as a first step a conformal transformation that transforms the initial space R, to
C. Then, it is argued that the ratio of the two partition functions of (R.I7) is the same
as the correlation functions arising from the insertion of primary scaling operators at the
points v,u. We will take a different route and argue that the entanglement entropy is
given by computing the effective action of the CFT W¢(n) on C and taking the derivative
with respect to e = n — 1, as in ([.J). Note that C inherits the metric from the conformal
transformation from R,,.

Since we now have a CF'T on a curved background, it is expected that the entanglement
entropy will be dominated by the conformal anomaly. The variation of the entropy with
respect to the length of A is similar to a Weyl variation and so, for L = |u — v|

L%Sﬁ'E~/<Tﬁ> N/R. (2.12)

Let us examine this process for a simple case. Specifically, if one starts from a single
interval on a infinite space and zero temperature, the process of ”uniformising” is achieved

by
2= (w - “)W . (2.13)

w—v

If the initial manifold is at a temperature T = % then we first need to transform

w' = g log w (2.14)
2m



and then uniformise as in the previous example. A similar procedure is applied if the
manifold has space periodicity R and is at zero temperature, replacing R — i in the
previous formulas. A schematic of this transformation is presented in figure ([l}).

The result of the whole procedure can be summarised by the value of the entanglement
entropy for some specific cases. For the single interval we have

L
SEE. _ g log = + 1, (2.15)

where « is the UV cutoff and the finite part ¢; is depended on the details of the theory,
and is not universal. Similarly for finite temperature we have

=-1 —sinh | — 2.1
SA 3og<ﬂasm <ﬁ>>+62’ (2.16)

where ¢y is also a non universal quantity.

3. Extension to holographic theories

The AdS/CFT correspondence [[[9] teaches us that there is a duality between string theory
living in asymptotically AdS spaces and a conformal field theory living on the boundary.
The question of the exact correspondence between quantities in the CFT and quantities
of the string theory is an interesting one. Fortunately it has been known from the early
days of the correspondence that the partition function of the CFT is related to the string
theory action [[[3, [[4] (for a review of the correspondence see [[[5]). Explicitly

Zcorr(h) = Zs(h) (3.1)

where Zcopr(h) is the partition function of the CFT on a manifold with conformal structure
h. Zg is the exponential of the action of string theory integrated over all metrics that have
a double pole on the boundary and induce the given conformal structure. In the limit
of large N and small curvatures the latter becomes the effective low energy supergravity
action.

Zg(h) = e Ssuwral9) | (3.2)

with ¢ a solution of Einstein’s equations with the expected boundary behavior.

It is straightforward to extend the definition of the entanglement entropy to the bulk
theory. As has been observed before [B, [[d], we argue that the following procedure should
be followed in order to calculate the entanglement entropy holographically:

e Define the theory on the boundary with a metric that has the required conical sin-
gularity ge o

e Find a bulk metric with the desired asymptotic behavior. One can proceed and
holographically reconstruct the bulk metric, as is explained for example in [[7, [§.
Choosing Fefferman-Graham coordinates [[J], each term of the series in p can be
determined algebraically from the previous one. This is a well defined procedure for
an integer n and the result is analytically continued to arbitrary n. It could be argued
that this step is not well defined for arbitrarily small ¢ = n — 1, since in higher orders
in p one would introduce more severe singularities.



e Finally one needs to evaluate the bulk action

Shulk = 16771GN //\/ Vv —det(g) (R+2A) + 8771GN /a/\/ \/ —det(h)O . (3.3)

to first order in the deficit angle € and compute the entanglement entropy from

0
SE'E' = (& — 1> Sbulk . (3.4)
e—0

R is the Ricci scalar and © is the extrinsic curvature on the boundary.

Additionally to this straightforward attack on the problem, an alternative has been
proposed. It has been argued recently [fl, ] that the entanglement entropy can be com-
puted holographically by minimizing a d — 1 dimensional surface that has as a boundary
OA. Some arguments are given in [[[f] that the prescription of the previous section re-
produces the Ryu-Takayanagi proposal. However, there is an ”ad hoc” addition to the
bulk action. This proposal gives the expected results for d = 2 theories and proposes
reasonable entanglement entropies for higher dimensional CFT’s or generically theories
with gravitational duals. It has been used for a variety of very interesting computations,
that extend from suggesting that entanglement entropy can be used for an order param-
eter for confinement/deconfinement [0, R1] to examining aspects of black holes [RJ], see
also [23-R9, B9, B] for similar lines of thought.

The analytic structure of both conformal and Graham-Witten anomalies [[[d] for the
Ryu-Takayanagi proposal in d = 4 dimensions has been examined in [, note also the
counterarguments of [f].! There, a mismatch has been found between the holographic
Ryu-Takayanagi prescription and the usual QFT entanglement entropy calculation. A
possible resolution could be that the replica trick fails in higher dimensions. Another one
could be that the Ryu-Takayanagi prescription calculates some other Wilson loop type of
observable. The proposal of this paper evades these problems, since the anomalies will
match by construction. In a sense, the anomalies of the boundary theory dictate the
anomalies of the bulk. The most interesting cases would be to examine the results of d = 4
and see whether there is agreement between the two approaches. We will examine here
only the case of d = 2 as an exercise of implementing the approach. Unfortunately the
technical difficulty of finding bulk solutions increases with the dimension.

Another nice application of the formulation of this section is that it is inherently easy
to tackle time dependent backgrounds. As noted in [BI, in two dimensions it is possible
to derive the entanglement entropy of a time dependent manifold. In [P4], the prescription
of [, Bl has been extended to these situations. In principle there should be a direct
connection between that approach and the proposal followed here. Finally, one should also
note that it is possible to follow these three steps for an arbitrary integer n. Then in the
last step one should use the derivative with respect to n to derive the Tsallis entropy [@]

Sts. = rog =1 : (3.5)

n—1

T am grateful to A. Schwimmer for discussions regarding the issues of anomalies.



4. Calculation in two dimensional CFTs and their holographic duals

In this section we explore the definition of (B.4) specifically for two dimensional CFTs.
Generically one expects such CFTs to be dual to a theory in an AdSs x K background.
We will ignore the complexities that arise from including higher dimensions and will only
deal with asymptotically AdS3 geometries.

One way to circumvent the discrepancy in the anomalies between the holographic
prescription and the QFT calculation is to try to find a bulk solution that asymptotically
aproaches the metric with the required conical singularity in the boundary. In this way one
has a matching of anomalies on the two sides “by construction®. In order to explore this
possibility let us work in the case where the boundary theory is a CFT in 2 dimensions and
the bulk solution is an asymptotically AdS3 spacetime. In this case there is no problem
in the anomaly matching since it is almost trivial, but we would like to see whether this
direct approach makes sense. We are working in the Fefferman-Graham coordinates and
the metric can be expanded as

2 _ LPdp? n gij (z*, p)dada’

d 4.1
s 4p2 P ’ ( )

where the d dimensional metric, itself can be expanded as
9ij = 90.ij + PY2,ij + P 9ai; + O (p°) . (4.2)

The case of d = 2 is of particular interest. As explained in [[[7] the series terminates at g4.
The whole metric is given by

P p _
9= (1 + 59290 1) 90 (1 + 59 192) : (4.3)

One only needs to determine go. Let us quickly review how this is done [[7]. The second
component of the metric g9 is given by
2
92ij = 5 (Rogoij + Tij) » (4.4)

where T;; is a symmetric traceless tensor that is given by
1 1 1 9
Tij = Evz(ﬁvj(ﬁ + VZV]¢ — 590,2’]’ §(V¢) + 200 | . (45)
The scalar field ¢ satisfies

O¢ = Ry . (4.6)

It should be noted that it is allowed to add the stress energy tensor of arbitrary conformal
matter to 7Tj;, or put differently, to add a traceless convariantly conserved tensor. This fact
should be taken into account when constructing bulk solutions. Following the prescription,
we are interested in finding a solution that has a boundary metric with a conical singularity

ds? = goijda'de? = (22)" "L f'(2") f'(Z")dzdZ (4.7)



and in particular in taking the limit n — 1 = ¢ — 0. Since it is natural to uniformise the
interval A we allow for a conformal transformation that takes care of this. In the following,
we will only examine the case of small € and expand all quantities in an e series. It is very

convenient to write
ds? = go;dr'da? = f'(2)f'(2) (1 — €G(z, %)) dzdz (4.8)

where
zlogzf"(z)  zlogzf"(2)
f'(2) f'(z)

We expect the Riemann and Ricci tensor to have derivatives of G(z, z). It is straightforward

G(z,z) = —log(zz) — (4.9)

to calculate that
%G L H?
020z 020z

In Einstein’s equations of the bulk solution one also finds other derivatives of G, such as

log 22 = —2m6%(z, %) . (4.10)

G?*', G1? and so on. These should be interpreted as derivatives of Dirac’s delta function.
/dzdeQ’l(z,z)F(z,z) = —/dzdel’l(z,z)Fl’o(z,z) =27 F19(0,0) . (4.11)

For the metric ([I.§) the Ricci scalar is easily computed to be

2 _
Ry = 222027 (();( g)) (4.12)
and ([L.6) gives o) 52 7
02 :0(2, % 2,z
FEE - TEG )
with solution
&(2,2) = bvackgr.(2,2) + €G(2, Z) . (4.14)
The background metric satisfies
Oopackgr. = 0 (4.15)

and allows for a non trivial asymptotically AdS metric. In appendix ([]) it is demonstrated
how, for example, the BTZ black hole solution is generated. The next step is to calculate
go to order e. For simplicity let us write

¢backgr.(za 2) = Az + AZ + 1. (416)

The second term in the metric expansion is then found to be

14202 4 8 . (Aa G+92.G) L2 G
92j = > Va2, BT 2 : (4.17)
€5 8Z75G TA2? + €5 (A0:G + 85,5(?)
Finally one is ready to write down the whole bulk solution metric
Js 2dp? N gijdxtdz’ _ 2dp? N (90,55 + P92,i5 + p*gaij) da*da? (4.18)

4p? p 4p? p



where gg is given in ([£.§), go in (.1§) and g4 has the more complicated form

€4
94, = 128 (%) f(w) (4.19)
' 4A%e02.G A?A%(1+€G) + 2¢ AA%0,G+2e A2 AD:G+2e A202G+2e A2 G
04,22 4A%e0%.G 7

where the off-diagonal element has not been written twice. It is a straightforward but
painstaking exercise to verify that ({1§)—([L19) is a solution to Einstein’s equations
to order e )

R, — §ng, = Ag, + O(€%) . (4.20)

4.1 Calculating the holographic entanglement entropy

Now all the tools necessary for evaluating the entanglement entropy are in order. The
required action (B.3)

Shulk = L /j\/ \/—det(g) (R+ 2A) + 87T2N /aN \/ —det(h)O . (4.21)

167Gy

We only need to evaluate this action to first order in e. Since Einstein’s equations are
satisfied to order € we have
1 2 6 2
R, — §R9w’ =Agu +0(e°) = R= e + O(e%) . (4.22)
Then we need to calculate the determinant and the extrinsic curvature term. The results
presented here are in a Laurent series in € and p. Since

_URNEA = Gz2) | PG 2)

—det(g) pE I

+0(,p°) (4.23)

the first term evaluates to

1 = f/(Z)f/(E)(l 66(272» ¢ 1,1 = Pmax 2 1
= — _ ) 1 . .
51 2rG N /8/\/’ dzdz < Lpmin €4G (2,2) log Pmin O, Panin)
(4.24)
1

We have also omitted the terms that are of order O(m). The finite terms are known,

but are very complicated to write down explicitly for the general case here. In order to

calculate the extrinsic curvature part of the action one needs to find the normal to the
surface p = const., n* and then the extrinsic curvature is given by

1
O = —3 (VVnt + V") . (4.25)
For the specific case of the boundary being the surface p = const. the unit normal is
2p

It is easy to calculate the extrinsic curvature and it turns out to be

14 P Lo

0 = papg()Jj + pg2,ij + 7945 _ 905 — PG4, ' (4.27)



We take the boundary of N to be at a finite p = puyin, and the second part of the action,
to first order in € becomes

1 1
S = 5 /aN dzdz <£pmin ) (2) 1 — €G(z, 2) + 4GP (2, 2)) + O(€%, pryin) -

(4.28)
Combining the two terms and using ([£.21))
_ 1.1 _ Pmax 1 2 0
=— : log —— + - in) - 4.2
Shulk 8GN " dzdzelG (Z7 Z) (Og Pmin + 4) + O(E 7!0m1n) ( 9)

The numerical factor % can be grouped with the rest of the finite pO. terms and will be

ignored for now. Finally using the result of Brown and Henneaux [BJ

3¢
= 4.30
o= (4.30
(B.29) evaluates to
Sbulk = - < dZdEEGLl(Za 2) IOg Pmax + 0(627 pg’lin) . (431)
127 ON Pmin

Of course, alternatively one can use the result of [B4], whose derivation of ({.30)) this paper
closely follows. Finally we need to use that G!(z,2) = —27m62%(z, 2) and that the cutoff
Pmin 18 related to the usual UV cutoff with

Pmin = O (4.32)
to derive
SEE = glog VPmax 4 finite . (4.33)
a

For the case of pure AdSj it is reasonable to take \/pmax ~ L. For the non-rotating BTZ
black hole, we just integrate up to the location of the horizon \/rma.x = % ~ 3, see ap-
pendix ([]). When the temperature is larger than the periodicity of the angular coordinate
0, I, which is the case when the BTZ solution should be used, then these both repro-
duce (2.19)-(.16). It should be noted that the procedure followed in this paper does not
separate between the different finite parts, as is the usual case in other computations [E, ]

SEB. _ ¢ <10gl + logL> + finite, SEE = ¢ <10gl —Hogésinh <7T—l>> + finite ,
3 « 3 « s I}
(4.34)
for the cases of pure AdS and the BTZ black hole.

We should note here that currently there is no rigorous way to find ppqe.. One would
hope that it will come directly from some requirement, such as regularity for the solution
for the bulk metric. Finding the proper prescription for determining py,.x does not seem
possible in the current set up, since the “uniformisation* process has sent the boundary
points of A from u = 0,v = L to 0 and oo respectively. Once pmax is properly determined,
the finite part of entanglement entropy will also be known and calculable. As far as finite
parts of the entanglement entropy are concerned, holographic renormalization should also
be taken into account, as counterterms will contribute to the finite part of the bulk action.

— 10 —



5. Conclusions and discussion

In this note we have examined a straightforward approach to computing the entanglement
entropy holographically. For two dimensions the known results are reproduced. However
the most interesting cases are the higher dimensional ones. In view of the results of [J],
the prescription of ([, B} does not have the same analytic structure as the boundary theory
predicts. It could be that the prescription describes some other Wilson loop type of ob-
servable. Another possibility is that the replica trick fails in higher dimensions. One could
calculate the entanglement entropy, with and without the replica trick and compare them.
Unfortunately even for the simple case of a free boson and a sphere, it appears that only
a numerical computation is possible.

A way in which the replica trick could fail in higher dimensions is that there is no
analytic continuation from integer to real values of n. If we have a massless boson in four
dimensions, we can transform the evaluation of the entanglement entropy by dimensionally
reducing the theory to two dimensions. Then, the entanglement entropy of an infinite tower
of massive bosons has to be computed. We already know that the calculation for certain two
dimensional massive theories involves a highly non trivial analytic continuation. Indeed,
some massive two dimensional quantum integrable systems were examined in [B§]. The
analytic structure of the two point funtion of the energy momentum tensor was examined
and it was found that there is no natural analytic continuation from n = 1,2,3... to
[1,00). However there is a unique analytic continuation from n = 2,3,... to [1,00), if
certain assumptions for the behavior at infinity are made. Interestingly, in those models
kinematic singularities also contribute to the analytic structure of the two point function.
One would expect that similar treatment for the analyticity properties has to be followed
for the higher dimensional theories.

Another way to try to derive the Ryu-Takayanagi proposal would be the following.
When the switch to the singular metric is done one adds to the boundary metric a localized
small perturbation €gsing.;j. This would amount to adding a localized stress-energy tensor
operator T;; to the boundary. Then the partition function will have to be calculated with
an insertion of this operator. This is reminiscent of the method used in ([, f]] for d = 2,
but it is unclear to me how to generalize this to an arbitrary higher dimension.

The next step is therefore to examine how to implement this direct approach to calcu-
lating the entanglement entropy in higher dimensions. Generically one does not expect the
Taylor series of g;; in terms of p to terminate at a finite number of steps, see for example
the approach of [I§. Adding a small singular term to the boundary metric complicates
things. As the case of d = 2, one would expect the higher order terms to be derivatives of
the lower order ones and that this will produce an increasingly more singular behavior in
the metric. However, some certain simple situations like a sphere or a cylinder on an non
thermal background should have a simple answer. In a certain sense, in two dimensions one
is bound to find the correct answer, since the result is governed by the conformal anomaly.
In higher dimensions, where the structure of the anomalies is much richer, it is uncertain
whether a given holographic prescription calculates the quantity with the correct analytic
structure. The advantage of the prescription followed in this note is that the analytic
structure of the CFT quantity and the holographic answer are the same by construction.

— 11 -



Another interesting aspect of entanglement entropy has to do with black holes. It has
been argued that in some cases the entropy of the black hole is the entanglement entropy
between the states living inside and outside the horizon, see [Bf] for a cosmological horizon
example and [B7] for a black hole in a Randall-Sundrum scenario. Certain two dimensional
models exhibit many of the interesting features of black hole formation, Hawking radiation
and so on, for a review see [B. It would be intriguing to find a holographic dual for these
two dimensional models. We leave some of these very interesting questions for future work.
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A. The (non-rotating) BTZ black hole in Fefferman-Graham coordinates

In this appendix we derive the BTZ black hole using the methods of [I[q]. One only has to
assume that the asymptotic boundary metric is of the form

ds® = (dr? + db?) . (A1)
Then the equation that needs to be satisfied by the scalar ¢ is
O¢p=Ry=0 (A.2)

with a general solution
p=A0+DBT+1T. (A.3)

We take the periodicity in the 6 coordinate to be large, so as not to worry about boundary
conditions. For the same reason let us also choose B = 0. I" has no effect on the solution
and can be conveniently dropped. It is straightforward to write the second component of

2 42
92 = (E %/8 52/?2/8> . (A.4)

the metric as

Then, the prescription gives the metric

Cdp?  (p(£/24)2 +1)° d6% + (p(£/24)2 — 1)2d72
= + :
42 4p
With the identification

ds?

A=2rJt (A.6)

and the change of coordinates to

p= (7‘ +4/r2 — 7“_2|_> - (A.7)

— 12 —



the metric is brought to the familiar form

2dr?

2 _ 2
r Ty

ds® = + (7‘2 — 7‘3_) dr® +r2d6* . (A.8)

The p coordinate takes values between

pe (07,0—1—) ’ (AQ)

where py is the location of the horizon

1

— . Al
= (4.10)

p+ =
Keeping also a non zero B, one can reproduce the rotating black hole solution.
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